A simple model is proposed and tested for simulations of ceramic processing by microwave heating. The model is based on a piecewise constant approximation of the material properties and makes it possible to separate and analyse different effects caused by the sample shape and the dependence of the material properties on temperature. Specifically, the simulation results demonstrate that microwave heating of an alumina sample can be very sensitive to a variation of its dielectric constant with temperature. For different geometries, there is a similarity in the dependences of the thermal state characteristics (temperature drop across the sample, amount of dissipated power and electric field amplitude at the sample centre) on maximal temperature. It is shown also that a temperature drop between the sample centre and surface can be strongly enhanced in the case of a spherical sample irradiated symmetrically by microwaves.
Introduction
Various applications of microwave heating of ceramic and composite materials have generated interest in the theoretical methods of the investigation of the interaction between electromagnetic fields and matter [1] [2] [3] .
Mathematical modelling of such processes gives a better insight into the physical phenomena, determines relations between the characteristics of the applied microwave radiation and the structure of the material, and establishes optimal heating regimes for material processing.
In general, approaches to modelling and analysis of the ceramic processing by microwave heating can be classified into two categories. The first one relates to the full quantitative simulations of the actual heating process, incorporating sample and applicator geometry [4] [5] [6] [7] [8] . It involves a numerical calculation of the microwave field in the resonator containing the sample as well as the temperature field within the sample, where the sample material parameters are determined as local functions of the temperature. The drawback of such an approach is that the respective modelling results cannot be extended to other setups with different operational wave frequency, material and dimensions of the sample, resonator configuration, etc. Moreover, such calculations are time consuming and do not allow to keep track easily of how a given state responds to the change of parameters and the change of which parameters has the most appreciable effect on the modelling results. The second approach deals with the qualitative modelling of the heating process and is focused primarily on a study of some specific features, e.g. instabilities like 'thermal runaway' and 'hot spots'. The commonly used approximation there is the modelling using spatially uniform microwave field intensity [9] [10] [11] , specified as a constant or power function of time or is controlled in such a way as to realize the predetermined heating regime [12, 13] . The imaginary part of the dielectric permittivity of the processing material is defined as spatially uniform [12] or as a local function of the temperature [9] [10] [11] [13] [14] [15] .
The present work concerns also the qualitative modelling of a microwave heating process. In contrast to most previous similar approaches, we consider here the effects associated with the nonuniform spatial distribution of the microwave field intensity as well as the effects associated with the influence of the sample on the microwave field intensity. More precisely, we consider the ceramic samples of the planar, cylindrical and spherical shapes irradiated symmetrically by the microwaves. For simplification of the analysis, we assume that inside the samples their dielectric and thermophysical properties are spatially uniform. The last approximation provides a quite realistic description of the actual microwave processing, because in practice it is usually arranged in such a way so as to gain possibly uniform heating across the sample [1] . Moreover, the proposed approach makes it possible to construct analytical solutions to the problem of magnitude and spatial distribution of the microwave field intensity for the considered geometric configurations. Thus, in the framework of this approach the effects associated with the geometry of the system are also taken into consideration.
The paper is organized as follows. Section 2 introduces the description of the models. Results are presented and discussed in section 3. Finally, section 4 contains the concluding remarks.
Description of the models
Below the following three configurations are adopted for consideration (see figure 1 ): a planar dielectric plate of thickness D = 2R c irradiated by two plane electromagnetic waves, an infinite dielectric cylinder of radius R c irradiated by symmetrical cylindrical wave and a sphere of radius R c irradiated symmetrically by spherical waves. The sample is located in a chamber which is the same in shape and 2R in size. The chamber is assumed to be filled by air at atmospheric pressure and the chamber walls are kept at a fixed temperature, T R . The stationary regime of microwave heating is considered, which is described by the following heat balance equation:
where T stands for the temperature and λ denotes the thermal conductivity of matter. The power, q, of the heat released per unit volume is determined by the absorbed microwave radiation and is expressed by
where 0 is the permittivity of vacuum, is the imaginary part of the relative complex dielectric permittivity, = − i , of matter, and ω is the circular microwave frequency. Vector E stands for the complex amplitude of the microwave electric field, which satisfies the wave equation
where k = k 0 √ = (ω/c) √ and c stands for the speed of light in a vacuum.
For simplification of the analysis and construction of the analytical solutions to equations (1)- (3), we adopt the following approximation. Outside the ceramic sample (in air) = 1, = 0 and λ = λ air (T ), while inside the sample = (T 0 ), = (T 0 ) and λ = λ(T 0 ), where T 0 denotes the temperature at the sample centre.
The wave equation
Subject to the condition of symmetrical microwave irradiation of the sample, the solution to equation (3) inside the sample can be presented in the following form.
(A) For the planar plate (|x| < R c ),
(B) For the infinite cylinder (r < R c ),
(C) For the sphere (r < R c ),
Here, e z , e r and e θ denote unit coordinate vectors along the z-axis (in cartesian and cylindrical systems) and along the axes r and θ in spherical coordinates. Parameter E 0 denotes amplitude of the microwave electric field at the point of origin, and functions˜ n are determined as
, with J 0 and j 1 denoting the cylindrical and spherical Bessel functions [16] .
Outside the ceramic sample, the solution to equation (3) represents a superposition of the incident onto the sample and escaping ('reflecting') from the sample waves of the respective symmetry.
(A) For the planar plate (|x| > R c ),
where C − = C * + and B − = B * + are the amplitudes of the incident and escaping plane waves, respectively. 
where C and B are the amplitudes of the incident and escaping cylinder waves, respectively. (C) For the sphere (r > R c ),
where C and B are the amplitudes of the incident and escaping spherical waves, respectively. H (1, 2 ) 0 and h (1, 2) 0 denote the spherical and cylindrical functions [16] .
The power density of the applied microwave radiation Q app (in units W m −2 for the plane wave, W m −1 for the cylindrical wave and W for the spherical wave) is expressed in terms of the incident wave amplitude C as is given in table 1. Similar expressions relate the power density of the escaping wave Q esc and the wave amplitude B. The power of the microwave radiation dissipated within the sample is
where η = Q dis /Q app = 1 − |B/C| 2 denotes the absorption coefficient.
To determine the absorption coefficient, the problem is supplied with the boundary conditions on the sample surface, providing the linear relations between the field amplitudes E 0 , C and B. Such conditions follow from the continuity conditions for the tangential components of the electric and magnetic (neglecting the surface current densities) fields. Expressions for the absorption coefficients are found in the following form.
(A) For the planar plate,
(B) For the extensive cylinder,
(C) For the sphere Expressions for the absorption coefficient can be simplified in the case of relatively transparent material, for parameters of which the dielectric loss factor tangent tan δ ≡ / 1 and k 0 R c √ tan δ 1. Then, the following estimation for the absorption coefficient holds true:
with ξ = k 0 R c √ , parameter = 0 for the planar plate, π/4 for the cylinder and π/2 for the sphere. This estimation shows that function η(ξ ) undergoes intensive quasiperiodic resonant oscillations, with period close to π and amplitude practically linearly dependent on k 0 R c √ tan δ (figure 2). Therefore, for the ceramic sample of the relatively large dimension, k 0 R c √ π, even a small change in occurring in the heating process can significantly affect the absorption. As a consequence, the variation in with change in temperature must necessarily be taken into account in the numerical models.
Spatial distribution of the heat release power n ≡ q/q(0) (n = 1, 2, 3) is described by the functions
where for the sphere, we assume isotropic irradiation by the system of spherical waves. In the case of relatively transparent materials (tan δ 1 and k 0 R c √ tan δ 1) for a sample of a relatively large dimension, k 0 R c √ π, heat release power for the plate can be expressed as
As it follows from this formula, the heat release power distribution is characterized by a large number of interference maxima and minima with a period close to half of the electromagnetic wavelength in the ceramic material ( figure 3 ).
In the problems with cylindrical and spherical symmetry, power intensity increases in the direction to the centre, which is caused by the convergent character of the waves. At the same time, the power distribution in the circular and spherical layers, determined by the functions r 2 and r 2 3 , is qualitatively the same as for the plate ( figure 3(b) ). 
The heat balance equation
Inside the ceramic sample, the symmetric solution to equation (1) with the source term q = q(0) n (n = 1, 2, 3) can be expressed as
where function φ and its derivative vanish at the origin and satisfy the equation
The total temperature drop across the sample section from its centre to the surface, T 0 − T c , is determined by the total dissipated power and sample geometry (table 2) . For the planar plate, function φ is expressed by the formula
where α and β are related to k by k = α−iβ. For the cylindrical case, the equation for φ has a solution by quadrature,
In the case of a sphere, φ(r) is found numerically. 
Outside the ceramic sample, the solution to heat balance equation (1) is conveniently expressed in terms of an auxiliary function, namely the heat flux potential S(T ), which is related to the temperature by
In view of its definition, the derivative of S in spatial coordinates coincides (to the sign) with the heat flux density, consequently equation (1) written in terms of S reduces to ∇ 2 S = 0. The solution of this equation as well as the relation between the wall temperature, T c , and total dissipated power, Q dis , is presented in table 3.
Dependence of the temperature at the sample border, T c , on the maximal temperature, T 0 , is given by the following equations.
(C) For the sphere,
In the case of relatively transparent materials (tan δ 1,
, function φ(x) for the plate reduces to the expression φ(x) = x 2 /4. Moreover, functions φ(r) for the cylinder and sphere are quadratical functions of coordinate r as well. Hence, ratio φ(R c )/φ (R c ) from the relations for the temperature drop results in the same value R c /2 for all the geometries, that simplifies the analysis and allows qualitative conclusions to be drawn. Thus, the quantity λ(T 0 − T c )/S c for the temperature drop considered above reduces to
for the plate, cylinder and sphere, respectively. Here, p = R/R c . As follows from these formulae, functions T (T 0 ) = T 0 − T c are almost similar for all the geometries, and temperature drop for the cylinder is greater than that for the planar plate, while for the sphere it is greater than that for the cylinder.
Moreover, for relatively transparent materials, amplitude of the electric field at the plate centre is estimated by
, while the electric field amplitudes ratio of the different geometries is
where the subscripts P, C and S refer to the planar plate, cylinder and sphere, respectively. Significant increase in E 0 for the cylinder in comparison with the plate, and even greater increase for the sphere, is a result of the convergent character of the microwave field.
Derived formulae allow the calculation of all the thermal and electrodynamic characteristics of the ceramic material in the microwave radiation field as functions of maximal temperature T 0 , and, through the absorption coefficient, η, to establish a relation between T 0 and amount of applied microwave power Q app .
Numerical results
To illustrate the models, they have been applied for alumina ceramic samples of planar, cylindrical and spherical shape of thickness 2R c = 48 mm, heated by a microwave field in a chamber consistent with the ceramic sample geometry having cross-section 2R = 100 mm in air at atmospheric pressure. The temperature of the cooled chamber wall is taken to be equal to room temperature, T R = 300 K. The transport coefficients for alumina are taken from [17] and for air from the same sources as in [18] . Profiles of real and imaginary parts of alumina relative permittivity, c , at wave frequency f = ω/2π = 30 GHz and thermal conductivity, λ, against the temperature, are shown in figure 4 . When performing calculations at wave frequencies different from 30 GHz, we assumed that the real part of c is independent of the frequency, while its imaginary part varies proportionally to frequency.
Since the characteristics of the ceramic material thermal state (such as the dissipated power, electric field strength at the centre, sample surface temperature and absorption coefficient), at a given value of the microwave frequency and geometric parameters of the ceramic material and chamber are determined as functions of the maximum temperature T 0 , it is convenient to carry out the analysis of the results treating T 0 as a control parameter and searching for the amount of applied power, responding to a given thermal state.
Calculations showed that maximum temperature drop T = T 0 − T c across the ceramic sample section is a monotonically increasing nonlinear function of T 0 , and at thermal state with T 0 = 2000 K, it is about 20 K for the planar layer, 60 K for the cylinder and 250 K for the sphere ( figure 5  (a) ). A moderate temperature drop is caused by the essentially higher heat conductivity of ceramics in comparison with the air heat conductivity. Notice that the profiles of the normalized values of temperature difference, T /max( T ), as well as the profiles of the dissipated power density, Q dis /max(Q dis ), and electric field magnitude at the centre, E 0 /max(E 0 ), versus the temperature T 0 are almost identical for all geometries (figures 5 (b) and (c)). This similarity, observed in the calculations, to a greater extent is concerned with the smallness of the tangent of the dielectric loss angle. Along the considered temperature interval, tan δ ≈ 10 −3 −10 −2 that enables validity of the discussed approximation for the transparent materials in section 2.1. In the case of the planar layer, taking into account that the temperature drop across the plate section is small, S c ≈ S 0 , relations for the temperature at the surface of the planar plate and magnitude of the electric field at the plate centre can be presented as
Hence, temperature drop across the planar plate is determined by the ratio of the thermal flux potential for air, taken at temperature T 0 and thermal conductivity λ(T 0 ), while the electric field strength at the plate centre is determined by the ratio of S(T 0 ) and imaginary part of the complex dielectric permittivity, (T 0 ). It should be noted that these equations provide a close approximation for the numerically obtained values T c and E 0 : discrepancy in comparison with the numerical results is smaller than 5%. Spatial profiles of temperature T and electric field magnitude |E| for different geometries are shown in figure 6 . Applied power density magnitudes of f = 30 GHz frequency microwave radiation, needed to sustain these thermal states with the same maximum temperature T 0 = 1500 K, equal to 12.17 kW m −2 for planar layer, 0.75 kW m −1 for cylinder sample and 0.14 kW for sphere. Temperature distribution is practically constant along the ceramic plate section, and maximal difference in the temperature is T 0 − T c ≈ 10-15 K ( figure 6 (a) ). In air, temperature decreases parabolically from T c ≈ 1500 K at the plate surface to T R = 300 K at the chamber wall. Electric field amplitude along the ceramic plate section is practically constant, that leads to uniform heating of the ceramic sample section increases in comparison with the planar layer.
Calculations reveal a complicated nonlinear dependence of the absorption coefficient, η, on the frequency of applied electromagnetic field, f , and temperature at the plate centre, T 0 ( figure 7(a) ). At frequency f ∼ 10 GHz, absorption coefficient is close to zero. Noticeable oscillations in distribution η(f, T 0 ) occur starting with f ∼ 20 GHz, and number of extrema increases with increase in frequency f , and thermal states with maxima where η is close to unity appear. In Q app (f, T 0 ) distribution ( figure 7(b) ), for fixed T 0 , maximal values of Q app rapidly decrease with increase in the wave frequency. For comparison, heating of the ceramic plate up to temperature T ≈ 1500 K at frequency f = 10 GHz needs application of a power density of Q app ≈ 200 kW m −2 , while at frequency f = 50 GHz the necessary input power density is smaller as Q app ≈ 10 kW m −2 . Figure 8 presents f = 30 GHz frequency sections of η(f, T 0 ) and Q app (f, T 0 ) distributions from figure 7 for the planar layer, together with the respective results for the cylindrical and spherical samples: absorption coefficients are plotted in panel (a) and normalized values of the applied power densities in (b). Notice that the temperature T 0 is a many-valued function of the applied power ( figure 8(b) ). This explains the convenience of considering the temperature T 0 rather than the applied power in the role of control parameter. Indeed, characteristics of the ceramic material (e.g. in figures 5(c) and 8(a)) would change to complicated selfintersecting lines when presenting them against Q app .
It should be noted that in view of the nonstationary problem, the increasing and decreasing parts of the graph of function Q app (T 0 ) in figure 8(b) have qualitatively different character: increasing parts (e.g. segments AB and CD for the planar layer case) represent stable stationary states, while decreasing ones (e.g. segments BC and DE) unstable states. Hence, parts of the graph where temperature decreases with increase in the applied power cannot be achieved experimentally: they correspond to unstable thermal states. As a result, when applied power is steadily increased, there will be some jumps from certain values of T 0 to larger ones. It is interesting to note that these unstable thermal states are unstable as well from the numerical point of view: when applied power Q app is fixed, iterations in T 0 always converge to the thermal state lying on the nearest stable branch.
As can be seen from figure 8, profiles of η and Q dis /max(Q dis ) versus T 0 are similar for different geometries of the ceramic sample but 'out-of-phase'. This suggests the introduction of a new dimensionless variable ζ = k 0 R c √ /π − with = 0 for the planar layer, = 1/4 for the cylinder and = 1/2 for the sphere. Because of one-to-one dependence of variable ζ on temperature, it can be considered also as a characteristic of the stationary thermal state. Figure 9 illustrates that profiles of the absorption coefficient η versus ζ are essentially similar for different forms of the ceramic sample, with maxima located at the integer values of ζ and minima at the half-integer values. Thus, thermal states with maxima of η(T 0 ) and Q app (T 0 ) occur when the ceramics sample thickness covers an integer number of wavelengths of the 'dissipated' wave. Notice that the value of ζ, corresponding to the first local maximum of function η(ζ) (figure 9), equals half of the respective wave frequency value in GHz. The discussed behaviour of function η (ζ ) becomes clearly defined at frequencies about 25 GHz and higher (for the considered thickness of the sample) and is determined by the asymptotic properties of the Bessel functions at the ceramic material border (k 0 R c √ 1),
in terms of which the electric field strength is described in the cylindrical (m = 0) and spherical (m = 1/2) cases. In particular, magnitudes 1/4 and 1/2 of the shift parameter follow from this formula. Finally, it can be noted that under the investigated range of parameters the absorption coefficient for the cylindrical sample to high accuracy equals the half-sum of the values η(ζ ) for the planar plate and sphere.
Concluding remarks
We have proposed and tested simple semi-analytical models, based on a piecewise constant approximation of the material properties, for the analysis of microwave heating of ceramic samples in planar, cylindrical and spherical geometries. These models are simple in realization and lead to explicit relations between the electric and thermal characteristics of the heated material. Numerical results are presented for the characteristics of the alumina sample in air against the power and frequency of the applied electromagnetic field and geometry of the sample. Calculations demonstrate a complicated nonlinear dependence of the temperature on the ceramic sample and absorption coefficient on the frequency and power of the incident microwaves. Microwave heating of alumina samples can be very sensitive to variation of its dielectric permittivity with temperature. The absorption coefficient is an oscillating quasiperiodic function of maximal temperature, the period and amplitude of which are functions of the real and imaginary parts of the material dielectric permittivity, respectively.
The effect of the ceramic sample form and respective energy supply configuration on the heating regime has been analysed. For different geometries, there is a similarity in the dependences of the thermal state characteristics (such as the temperature difference between the sample center and surface, amount of dissipated power and electric field amplitude at the sample center) on maximal temperature. Similarity coefficients (scaling multipliers) are functions of the geometric parameters only and are not functions of the wave frequency. It is shown also that temperature drop can be enhanced in the case of cylindrical or spherical samples irradiated symmetrically by microwaves.
